Abstract: In this paper, a second-order sliding mode (SOSM) controller is proposed to synchronize a class of incommensurate fractional-order chaotic systems with model uncertainties and external disturbances. Based on the chattering free SOSM control scheme, it can be rigorously proved that the dynamics of the synchronization error is globally asymptotically stable by using the Lyapunov stability theorem.
Introduction
For the last few decades, the study of fractional-order control systems have attracted increasing interest (see e.g. [1] [2] [3] [4] and the references therein). It was found that many systems in interdisciplinary fields can be elegantly described with the help of fractional derivative. The modelling of dynamical systems by using the means of the fractional calculus have been reported in many engineering areas such as signal processing [5] , electromagnetism [6] , mechanics [7] [8] [9] [10] , image processing [11] , bioengineering [12] , automatic control [13, 14] and robotic [15, 16] . Among the existed literatures on the dynamics of fractional-order differential systems, it has been demonstrated that some fractional-order systems can behave chaotically or hyperchaotically [17] [18] [19] .
A chaotic system is a nonlinear deterministic system that shows complex and unpredictable behavior. Due to the existence of chaos in real practical systems and many potential applications in physics and engineering, the study of synchronizing/stabilizing chaotic/hyperchaotic systems have attracted considerable interests in the past decades [20] [21] [22] [23] [24] . Several methods have been proposed to achieve chaos synchronization. One of the methods is based on the sliding mode control (SMC) approach [18, 22, 23, [25] [26] [27] [28] . The main feature of SMC is to switch the control law to drive the states of the system from the initial states onto some predefined sliding surface in a finite time. The system on the sliding surface has desired properties such as stability, disturbance rejection capability, and tracking ability [26] .
In general, the traditional sliding mode control is of the first order. And there exists an inevitable drawback when applying such standard SMC. That is the so-called chattering phenomenon, namely the occurrence of undesirable high-frequency vibrations of the system variables which are caused by the discontinuous high-frequency nature of first- order sliding mode control signals. In order to improve the control accuracy and reduce the undesired chattering effect by removing the controller discontinuity while keeping similar properties of robustness analogous as those featured by the conventional first-order sliding mode approach, the second-( and higher ) order sliding mode control method is proposed [29] [30] [31] [32] . However, to the authors' knowledge, there are few researches on the fractional-order system using the SOSM control approach so far.
Motivated by the above discussions, this article considers the robust synchronization problem for a class of uncertain incommensurate fractional-order chaotic systems raised by M.P.Aghababa in Ref. [33] . A chattering free SOSM controller is presented in the presence of model uncertainties and external disturbance.
The structure of this paper is as follows: Section 2 recalls some preliminaries on fractional calculus, and gives the statement of the problem considered in this paper. Section 3 provides the SOSM controller together with the respective Lyapunov-based stability analysis. Section 4 presents a conclusion.
Preliminaries

Basic Definitions of Fractional Calculus
There are many ways to define the fractional integral and derivative. Two definitions, Riemann-Liouvill definition and Caputo definition, are generally used in recent literatures.
Definition 1 [1] : The αth-order Riemman-Liouville fractional integration of function f (t) is given by
where Γ(α) is the Gamma function and t 0 is the initial time.
Definition 2 [1] : Let n − 1 < α ≤ n, n ∈ N , the Riemann-Liouville fractional derivative of order α of function f (t) is defined as follows:
Definition 3 [1]:
The Caputo fractional derivative of order α of a continuous function f (t) is defined as follows:
where n is the smallest integer number, larger than α. Lemma 1 [34] : Consider the systeṁ
where
Then, the origin of system (1) is a locally finite-time stable equilibrium, and the settling time, depending on the initial state
n and V (x) is also radially unbounded, then the origin is a globally finite-time stable equilibrium of system (1).
Lemma 2 [35] :
Problem Statement
Consider the following n-dimensional uncertain incommensurate fractional-order chaotic/hyperchaotic slave system:
.., n) denote unknown mode uncertain and external disturbances of the system, respectively, and u i (t) ∈ R is the control input.
Suppose the master system can be described as:
where 1, 2, . .., n) denote unknown mode uncertain and external disturbances of the system, respectively. If q i = q, (i = 1, 2, ..., n) , then systems (2) and (3) are called commensurate fractional-order chaotic systems. The finite-time synchronization between (2) and (3) with the same fractional orders has been addressed in Ref. [35] by using a discontinuous terminal sliding mode control method, this paper considers a SOSM controller design for synchronizing the incommensurate fractional-order system.
Remark 1:
Assumption 1: The uncertainty terms Δf i (X) (i = 1, 2, ..., n) are derivable, and the bounds of their derivatives are known positive constants γ
Remark 2: In order to design a chattering free secondorder sliding mode controller, the smoothness hypotheses of the uncertainty and external disturbances terms are required as in Assumption 1, which is not necessary with the firstorder sliding mode control approach. Indeed, this can be seen as a standard assumption when using second-order sliding mode technique [35] .
Defining the synchronization error as 
.., n). By using (2) and (3), it has
(5) Then the control task is to design a chattering free secondorder sliding mode controller such that the synchronization error system (5) can be stabilized to zero as time goes to infinity.
MAIN RESULTS
To design a sliding mode controller, there are two steps: first, a sliding surface should be constructed that represents a desired system dynamics, and next, a switching control law should be developed such that a sliding mode exists on every point of the sliding surface, and any states outside the surface are driven to reach the surface in a finite time [36] . In this paper, as a choice, the sliding mode manifold can be written in the form:
Different from the traditional sliding mode control, the SOSM controller to be designed will drive all the states of sliding variables s i to zero in a finite time, then according to Lemma 2, one has lim t→∞ e i (t) = 0, ∀i ∈ {1, 2, ..., n}.
Next, we will give the main results. Theorem 1: Under Assumption 1, consider the uncertain fractional-order chaotic synchronization error system (5) and the sliding surface (6), take the following SOSM control law
where i = 1, 2, ..., n, and sgn is the sign function,
Then the closedloop system of (5) is globally and asymptotically stable.
Proof: According to Definition 2, we havė
, Substituting (7) into the equation above, it yields,
Let z i = w i + d i , then system (9) can be rewritten as:
Selecting a Lyapunov function for system (11) ,
which can also be written as a quadratic form
It is obvious that V i (t) is continuous but is not differentiable at s i = 0, is positive and radially unbounded if k i3 > 0, i.e.,
where ζ i
is the Euclidean norm of ζ i , λ min (P i ) and λ max (P i ) are the the minimal eigenvalue and the largest eigenvalue of matrix P i , respectively. Take the time derivative of V i (t) along system (11), we havė
Next, we will prove that the matrixes Q i1 and Q i2 are positive definite.
For all k i1 , k i2 , k i3 > 0, let
then by simple calculations and from the first inequality of (8), we have
which implies that Q i1 > 0.
As for Q i2 , by direct calculation, three positive eigenvalues of it can be obtained (10) and (12), one hasV
By using the second inequality of (8) and formula (13) results
Hence, from (14) , it haṡ
we have
Therefore, from (15), we havė
By Lemma 1 it follow easily that V i (t), and therefore s i (t), globally converges to zero in a finite time. According to the sliding surface dynamics (6) 
Remark 4:
In this paper, we gives only a conclusion in theory, the simulation experiments will be completed in the coming time.
CONCLUSION
A second-order sliding mode controller is proposed in this article in order to address the synchronization problem for a class of uncertain fractional-order chaotic systems. The stability analysis is given based on the Lyapunov Theorem.
